It is shown that, if the loss of entanglement is small, then approximate quantum error correction is possible, thereby generalizing what happens for coherent information. The result is obtained for the entanglement of formation, and naturally extends to all entanglement measures upper bounded by that.
Introduction
The possibility of performing quantum error correction obviously lies behind and justifies the vast efforts made up to now in order to develop quantum computation techniques, since it allows fault-tolerant computation b even when quantum systems-in fact extremely sensitive to noise-are considered as the basic carriers of information. Besides well-known algebraic conditions for exact quantum error correction, which directly lead to algebraic quantum error correcting codes (for a thorough presentation of quantum error correction theory and a detailed account about the enormous literature about it, see e. g. [2, 3] ), an informationtheoretical approach to quantum error correction [4, 5, 6] can shed some light on the dynamical processes which underlie quantum noise, offering at the same time the opportunity to better understand the conditions under which approximate quantum error correction is feasible [7] . In the present paper, we will be working within the latter scenario.
Approximate quantum error correction is not just a theoretical issue: in fact, in all practical implementations the experimenter can only rely upon some confidence level-exact processes exist as abstract mathematical concepts only. Then, conditions for approximate quantum error correction can provide useful ways to test the reliability of a real apparatus. In Ref. [7] , Schumacher and Westmoreland proved that an adequate information-theoretical quantity to consider is the coherent information: the loss of coherent information along a quantum noisy channel is small if and only if the quantum noisy channel can be approximately corrected. In a subsequent paper [8] , the same Authors provided another criterion, a e-mail: buscemi@qci.jst.go.jp; URL: http://www.qci.jst.go.jp/~buscemi/ b The literature about the subject is huge and rapidly growing. For a reasonably recent and compact review of seminal papers see Ref. [1] .
this time for exact quantum error correction: the loss of entanglement (of formation) is null if and only if the channel can be exactly corrected. They left open the question whether the loss of entanglement provides not only a condition for exact correction, but also a condition for approximate correction. In this paper we will show that this is actually the case, thereby proving that many inequivalent ways to quantify entanglement lead in fact to analogous conditions for approximate quantum error correction.
The paper is organized as follows. In Section 2 we recall some basic notions about quantum channels and their purification into the unitary evolution of a larger closed system. In Section 3 we present previous results about information-theoretical conditions for exact as well as approximate quantum error correction. In Section 4 it is reviewed a useful monogamy relation satisfied by quantum and classical correlations in a tripartite pure quantum state. Such a relation will be exploited in Section 5 to show that to have a small entanglement loss is equivalent to have small classical correlations between the reference system and the environment. This simple observation will lead us to the main result. Section 6 concludes the paper with three remarks: one about the effectiveness of the proposed criterion, the second about the relation between our approach (focussing on the entanglement of formation) and other possible approaches using different entanglement measures, the third concerning the difference existing between the unassisted correction scheme developed here and an assisted one, based on the information-disturbance tradeoff in quantum measurements.
Tripartite purification of channels
Let us consider an input quantum system Q whose state is described by the density matrix ρ Q acting on the (finite dimensional) input Hilbert space H Q . A channel, mapping states on H Q (that is, the set of nonnegative, trace-one operators on H Q , briefly denoted as S(H Q )) to states on H Q ′ , can be represented as a completely positive trace-preserving (CP-TP) linear
. We will use the notation ρ
. It is a well-known fact that channels can be written in their so-called Kraus form [9] , that is
where the Kraus operators E m satisfy the normalization condition m E † m E m = 1 1 Q . Besides the above mentioned abstract definition, we can give a different description of channels, by exploiting a powerful representation theorem, direct consequence of Stinespring theorem [10] , which states that all channels can be realized by means of a suitable unitary interaction U QE of the input system Q with an environment-or ancilla-E (initialized in a fixed pure state |0 E ), followed by a trace over the ancillary degrees of freedom, in formula
(We put a prime also on E, because in general the output ancilla system could be different from the input one.) Such a purification of the channel is unique up to isometries on H E . Since in the following we will consider entropic quantities, such an isometric freedom is completely innocuous.
It is now convenient to introduce a third reference system R, which purifies ρ Q as
As before, also this purification is unique up to isometries on
is the von Neumann entropy of the state σ. The reference system R goes untouched through the interaction U QE , in such a way that the global state after the system-environment interaction is pure and given by
(As before, we put a prime on R, even if it does not change, just to recall that we are considering the reference system after the unitary interaction.) Since we closed the whole system, we will be able to play with entropic quantities using useful identities like
where
is the quantum mutual information [11, 12] between A and B when the global state is σ AB , and ρ
′ etc are the reduced states calculated from the global tripartite pure state |Ψ
Coherent information, entanglement and channel correction
How well does a channel E preserve quantum information? That is, how well does it preserve the entanglement that an unknown input state shares with other systems? A way to give a quantitative answer to this question is to introduce the entanglement fidelity, that is a nonnegative quantity depending on the channel E (we now suppose that the output space coincides with the input one) and the input state ρ Q , defined as [13]
where Ψ RQ is a purification of ρ Q as before. It can be proved that F (ρ Q , E) does not depend on the particular purification Ψ RQ of ρ Q , and it is an intrinsic property of the channel, given the input state. If F (ρ Q , E) is close to unity, then the channel E acts almost like the identity channel id on the support of ρ Q , that is, every state in the support of ρ Q is faithfully transmitted by E, along with its eventual entanglement with other quantum systems.
Another quantity which tells how much a given channel preserves coherence is given by the coherent information I c (ρ Q , E), defined as [4, 14] I c (ρ
where, consistently with the notation introduced in the previous section, ρ
The coherent information can be negative and it plays a fundamental role in quantifying the rate at which a channel can reliably transmit quantum information [14, 15, 16] .
Between entanglement fidelity and coherent information there exists a close relation [7] which states that, given an input state ρ Q and a channel E :
In other words, if the coherent information is close to the input entropy, then the channel can be approximately corrected. Most important, also the converse statement is true, in the sense that a sort of quantum Fano inequality holds [17] 
for all channels R, where h 1 (x) is an appropriate positive concave (and hence continuous) function such that h 1 (0) = 0. In other words, if a channel R happens to approximately correct the channel E, then I c (ρ Q , E) has to be correspondingly close to the input entropy. Notice that Eqs. (2) and (3) are nothing but entropic formulations of the fact that approximate correction is possible if and only if the joint reference-ancilla output state ρ
′ (about this point, see also Ref. [18] ). In fact,
where D(ρ σ) := Tr[ρ log ρ − ρ log σ] is the quantum relative entropy and can be understood as a kind of distance between states [19] . From Eqs. (2) and (3), it is an immediate corollary that perfect correction (on the support of ρ Q ) is possible if and only if [4] I c (ρ
However, coherent information is not the only quantity which enjoys such a property. By introducing the entanglement of formation, defined as [20] E f (ρ
where the minimum is taken over all possible pure state ensemble decomposition of ρ
is the entanglement of the pure bipartite state φ
′ , in Ref. [8] it is proved that perfect correction (on the support of ρ Q ) is possible if and only if
The "only if" part is not surprising, since it is known that (for an elementary proof, see below)
and the above relation can hold strictly (in fact, coherent information can easily be negative).
Hence we immediately obtain the analogous of Eq. (3)
that is, the existence of an approximately correcting channel R implies that the entanglement of formation of ρ
c . In Ref. [8] it was left open the question whether also the converse statement is true, namely if the entanglement of formation of ρ
′ is a robust measure of the correctability of a channel.
c In fact, E f (σ AB ) ≤ min{S(σ A ), S(σ B )}, ∀σ AB , holds, so that l. h. s. of Eq. (5) is positive.
Before answering (affirmatively) this question, we have to go back to the unitary realization of channels and give an alternative interpretation of the entanglement of formation.
Classical, quantum, and total correlations
The entanglement of formation E f (σ AB ) is a well-behaved measure of the quantum correlations existing between two quantum systems A and B described by the joint state σ AB . On the other hand, the quantum mutual information I A:B (σ AB ) measures the total correlations, quantum as well as classical, that a bipartite quantum system exhibits [21] . Notice that both entanglement of formation and quantum mutual information are by construction symmetric under the exchange of A and B.
On the contrary, the quantity measuring the amount of classical correlations in a bipartite quantum state loses such a symmetry, and a logical direction of classical correlations seems to naturally emerge. Such a quantity, proposed in Ref. [22] , is defined as
where the maximum is taken over all possible POVMs {P . Such a measure is asymmetric, since in general C B→A (σ AB ) = C A→B (σ AB ), and it is closely related to the assisted classical capacity of quantum channels [23] .
In Ref. [24] it is proved that for a tripartite pure state |φ ABC the relation
holds, where σ AB etc are the reduced states of |φ ABC . In the case of a channel, given the global state |Ψ
(1), we correspondingly have
We are now able to easily prove Eq. (4). In fact, since I c (ρ
and from Eq. (7), thanks to the monotonicity of quantum relative entropy under the action of channels, namely D(ρ σ) ≥ D(E(ρ) E(σ)), ∀(ρ, σ, E), we have that
Main result
In this section we will present the main result, that is, the loss of entanglement of formation is small if and only if the channel can be approximately corrected. We saw before that approximate correction is possible if and only if the joint reference-ancilla output state ρ
is almost factorized [7] . We would then like to say that the loss of entanglement of formation is small if and only if ρ
The "if" part has already been obtained as in Eq. (5); however, for completeness, we would like to give it here again in a slightly different form. From Eq. (8) and from Fannes inequality [19] , we have
where h 2 (x) is again an appropriate positive concave (and hence continuous) function such that h 2 (0) = 0, and ||X| | 1 := Tr |X| is the trace-norm. In other words, if ρ (7)). Please recall that the content of Eq. (9) is exactly the same as that of Eq. (5).
The "only if" part is a little trickier. We exploit the existence, proved in Ref. [25] for every dimension of the Hilbert space, of (rank-one) informationally complete measurements, that are POVMs whose elements form a basis for the operator space. In other words, there always exists a POVM {P i } i such that Tr[XP i ] = 0 for all i if and only if X = 0. Notice that this is the generalization of the usual concept of quantum state tomography. Informationally complete POVMs have a (generally non unique) dual set {P i } i such that the following reconstruction formula holds
Notice that the dual operatorsP i are generally non positive, but can always be chosen hermitian [26] . We are now in position to write the following chain of inequalities
Let us explain one by one all the passages in the above equation:
(i) In the first line we applied identity (10) to the subsystem E ′ , where {P E ′ i } i is an informationally complete POVM and {P E ′ i } i its dual frame, and defined p i := Tr[ρ
(ii) In the second line we used the convexity of the function x → x 2 .
(iii) In the fourth line we defined K :
, which is finite because we are considering finite dimensional Hilbert spaces.
(iv) In the fifth line we used Pinsker inequality [19] , that is ||ρ − σ|| (v) In the sixth line we simply used the fact that C
is defined as a maximum over all possible measurements on E ′ .
(vi) In the last line we used Eq. (7).
Summarizing, we obtained that whenever C
→ 0 correspondingly, which in turn implies the existence of an approximately correcting channel R, [7] . Notice that, as a trivial corollary, we get that
Three remarks
In the sequence of inequalities in Eq. (11), the most unpleasant feature is the size of the constant K. In fact, it is clearly independent of the channel and the input state, however, we did not investigate how it depends on the dimension of the Hilbert space. In many explicit examples [25] , K grows linearly with the dimension. Anyway, the only assumption we need about the ancilla POVM {P E ′ i } i is that it is informationally complete. We could hence use the one whose dual set minimizes K. How to choose such an "optimal" informationally complete measurement is left as a wide open question.
Another remark concerns the entanglement measure chosen here to quantify quantum correlations, namely, the entanglement of formation E f . It is known [19] that E f is an upper bound to the coherent information itself as well as to many other genuine entanglement measures E • (among these, for example, there are the entanglement of distillation [27] , the relative entropy of entanglement [28] , and the squashed entanglement [29] , just to cite three of them). All these entanglement measures then satisfy, thanks to the result obtained for the entanglement of formation in Eq. (11),
On the other hand, the so-called hashing inequality [30] I c (ρ
where E d (σ AB ) is the entanglement of distillation, guarantees that the converse direction, namely, the analogous of Eq. (9),
holds true for all entanglement measures. It is worth stressing here that the condition coherent information I c (ρ
where p j , ρ
is the ensemble decomposition induced on R ′ Q ′ by the measurement of the POVM {Q E ′ j } j on E ′ , and X is a classical register whose states |j X are normalized and orthogonal, that is, perfectly distinguishable. If the classical register is accessible to Q ′ , then it is possible to apply a different correcting channel depending on the register state. Such a correction scheme is called (one-way) assisted quantum error correction [32, 33] and generally achieves better performances with respect to the unassisted case (which is the case of interest here). In fact, the constant K, which appears in Eq. (11) and makes the final inequality looser than Eq. (2), comes precisely from the fact that here we do not allow assistance, whereas we consider quantities that naturally arise in the assisted scenario. Anyway, the above argument can be generalized to whatever rank-one measurement {P E ′ i } i on the ancilla e , leading to the information-disturbance tradeoff in quantum measurements [34] χ p i , ρ
is the Holevo quantity of the ensemble induced on R ′ by the measurement of the POVM {P 
Conclusion
In summary, we generalized the information-theoretical analysis of approximate quantum error correction based on coherent information given in Ref. [7] , by showing that approximate quantum error correction is possible if (see Eq. (11)) and only if (see Eq. (5)) the loss of entanglement along the quantum channel is small. As entanglement measure, we considered e In the case the ancilla POVM is not rank-one, then one has to take into account another entropic quantity which tells "how mixed" is the measurement. Here we refrain from going into details, see [34] . f Which, by the way, is not an entanglement measure, since it is not monotone under LOCC [36] .
the entanglement of formation, thereby obtaining the analogous result for all entanglement measures for which the entanglement of formation is an upper bound (and these represent the majority of known entropic-like entanglement measures). We moreover clarified the relation between unassisted and assisted approximate quantum error correction when entanglement measures are considered as loss function.
